Introduction
In this paper we apply Shokurov's inductive method to study terminal and canonical singularities. As an easy consequence of the Log Minimal Model Program we show that for any three-dimensional log terminal singularity (X ∋ P ) there exist some special, so called, plt blow-ups Y → X (Proposition 2.9). We discuss properties of them and construct some examples. Roughly speaking a plt blow-up Y → X is a blow-up with an irreducible exceptional divisor S such that S is normal and the pair (S, Diff S (0)) is log terminal, where Diff S (0) is the different [Sh, §3] . These blow-ups are very useful for inductive approach to the study of singularities and, more general, extremal contractions [P2] . We also obtain necessary conditions for a log surface to be an exceptional divisor of a plt blow-up of a terminal singularity (Corollary 3.3, Proposition 3.7). Unfortunately a plt blow-up of a terminal singularity is never unique (see 4.8). However there are canonical singularities for which it is unique. These singularities are called weakly exceptional (see Definition 4.1) and have the most interesting and complicated structure (cf. [MP] , [MP1] ). We obtain the criterion for a singularity to be weakly exceptional, in terms of the exceptional divisor of some plt blow-up (Theorem 4.3) and construct few examples.
where S = ⌊D⌋ and B = {D}. Assume that K X + S + B is Q-Cartier. Then (X, S + B) is plt near S iff S is normal and (S, Diff S (B)) is klt. Definition 1.5 ( [Sh, 5.1] ). Let X be a normal variety and let D = S + B be a boundary, where S = ⌊D⌋ is the integer part and B = {D} is the fractional part. Then one says that K X + D is n-complementary, if there exists a Q-divisor D + , such that the following conditions are verified:
(i) n(D + + K X ) ∼ 0 in particular nD + has integer coefficients; (ii) nD + ≥ nS + ⌊(n + 1)B⌋ ≥ 0; (iii) K X + D + is lc.
The log canonical divisor
Note that in general it is not true that D + ≥ D. This however is true if the coefficients of D are standard [Sh1, 2.7] . Proposition 1.6 ( [Sh, 5.4] , [Sh1, 4.4 
]). Let f : Y → X be a blow-up and let D be a boundary on Y . Then
Combining [Ut, 19.6 ] with 1.6 we get the following.
Proposition 1.7 ([P1, 2.1], cf. [Ut, 19.6] ). Let (X, S) be a purely log terminal pair with reduced S = 0 and let f : X → Z be a projective morphism such that −(K X +S) is f -nef and f -big. Given an n-complement
n-complements with n ∈ {1, 2, 3, 4, 6} are called regular. Sh1] ). Let (S, Θ) be a projective log surface such that (S, Θ) is lc but is not klt and −(K S + Θ) is nef and big (i. e. (S, Θ) is a weak log Del Pezzo surface, see [Sh1] ). Then K S + Θ has a regular non-klt complement K S + Θ + . Moreover, we can take Θ + so that a(E, Θ) = −1 implies a(E, Θ + ) = −1 for every (not necessary exceptional divisor E.
Proof. Let f : S → S be a log resolution of (S, Θ). Consider the crepant pull back
, where E is a reduced divisor, D is an effective Q-divisor and ⌊D⌋ ≤ 0. By [Sh, 5.2 
1, 2, 3, 4 or 6-complementary and by [Ut, 19.6] this complement can be extended on S. Finally, we can push down it on S by 1.6.
The following proposition can be proved in the same style. Proposition 1.9 ([Sh1], [P] ). Let f : S → Z be a contraction from a surface S to a curve Z and let Θ be a boundary on S. Assume that (S, Θ) is lc and
is not klt, then we can take Θ + so that a(E, Θ) = −1 implies a(E, Θ + ) = −1 for every (not necessary exceptional divisor E.
Definitions, examples and properties of plt blow-ups
Definition 2.1. Let X be a normal algebraic variety and let f : Y → X be a blow-up such that the exceptional locus of f contains only one irreducible divisor, say S.
This definition can be easily modified for blow-ups of analytic spaces in a usual way (recall that we are working in the algebraic category).
(ii) If f : (Y, S) → X is a blow-up of a variety X with only klt singularities such that ρ(Y /X) = 1 and (Y, S) is plt, then −(K Y + S) is f -ample automatically, so f is a plt blow-up.
(iii) Any plt blow-up f : (Y, S) → X is uniquely defined up to isomorphism over X by the discrete valuation corresponding to S (cf. [Ut, Proof of 6.2 
]).
Remark 2.3. By Inversion of Adjunction S is normal and (S, Diff S (0)) is klt. In dimension two S is an irreducible non-singular curve and since −(K S + Diff S (0)) is ample, S ≃ P 1 . In dimension three two cases are possible: f (S) is a point and then (S, Diff S (0)) is a log Del Pezzo surface, or dim(f (S)) = 1 and then S → f (S) is generically P 1 -fibration.
Example 2.4. We describe below the class of all (S, Diff S (0))'s for two-dimensional Du Val singularities (see e. g. [P] ). In this case S ≃ P (1 − 1/m i )P i , where P 1 , . . . , P r ∈ P 1 are distinct points, r ≥ 0 and m i ∈ N. Since −(K S + Diff S (0)) is ample, (1 − 1/m i ) < 2. It is easy to show that for (m 1 , . . . , m r ) one has one of the following possibilities.
• r = 0, 1 or 2. In this case (X ∋ P ) is a cyclic quotient singularity (type A n ) and f is toric;
In cases D n and E n a plt blow-up is unique (see 4.7). Note that in two-dimensional case all (one-dimensional) log Fano varieties with standard boundaries can be realized as exceptional divisors of some plt blow-up. Similar description can be obtained for two-dimensional lt singularities.
We are interested in the three-dimensional case.
Problem 2.5. Describe the class of all log Del Pezzo surfaces (resp. generically P 1 -fibrations) which can be exceptional divisors of some plt blow-up of a terminal (resp. canonical, ǫ-lt) singularity.
Example 2.6. Let (X ∋ P ) be a cyclic quotient singularity C 3 /Z m , where Z m acts on C 3 with weights (a 1 , a 2 , a 3 ), (a 1 , a 2 , a 3 ) = 1. Then any weighted blow-up f : Y → X is a plt blow-up. The exceptional divisor S is a weighted projective space P(a 1 , a 2 , a 3 ), Diff S (0) is supported in the triangle {x 1 x 2 x 3 = 0} and has coefficients 1 − 1 (a i ,a j ) . Example 2.7. Let C 3 → C 3 be the blow-up of x-axis and let C 3 /Z m → C 3 /Z m be a quotient by a cyclic group acting on C 3 free in codimension
The exceptional divisor S is a generically P 1 -bundle with two singular points on f −1 (0).
Combining 1.7 with 1.6 (i) we get the following assertion which shows that the existence of complements can be established inductively.
The following proposition shows that plt blow-ups are easy to construct.
Proposition 2.9 (cf. [Sh2, 3.1] , [Ut, 17.10] , [Sh, 5.19] ). Let X be a normal Q-factorial variety of dimension ≤ 3 and let D be a boundary on X such that K X +D is lc, but is not plt. Assume that D = 0 and X has at worse klt singularities. Then there exists a plt blow-up f :
This blow-up f : (Y, S) → X is called a plt blow-up of (X, D). Note that the proposition holds in arbitrary dimension modulo the Log Minimal Model Program.
Proof. By Theorem 1.1 there exists a blow-up h : W → X with the reduced exceptional divisor E = E i such that W is Q-factorial and
Now we apply the (
Therefore on the last step we get a divisorial extremal contraction f : Y → X with ρ(Y /X) = 1, with a unique exceptional divisor S and negative with respect to [Ut, 2.17.5] . This completes the proof. Proof. For sufficiently big and divisible n the divisor −n( [Ko, 3.10] ).
Corollary 2.11. Notation as in Proposition 2.10. Then
Proof. Since S is the only divisor over X with discrepancy a(S, f (B)) = −1, f (S) is the minimal center of lc singularities of (X, D). It is normal by [K1] , (iii) follows by [K2] .
The following is converse to Proposition 2.10. Proof. Apply Proposition 2.9 to (X, D).
Corollary 2.13. Let X be a normal three-dimensional variety and let f : (Y ⊃ S) → X be a plt blow-up with center along a curve W = f (S).
Then for any point P ∈ W there exists a plt blow-up with center at P .
The terminal case
Proposition 3.1. Let (X ∋ P ) be a three-dimensional klt singularity and let f : (Y, S) → X be a plt blow-up. Assume either
Proof. The assertion (i) follows from Proposition 1.9. To prove (ii) we assume first that X is Q-factorial. Write f [Sh, 3.6] ). Since K Y + S is plt, K Y + bD Y + S is lc but is not plt for some 0 < b ≤ 1. Therefore K S + Diff S (bD Y ) is lc but not klt (see Theorem 1.4 and [Ut, 17.7] ). On the other hand −(K S + Diff S (bD Y )) is ample. The assertion follows by Proposition 1.8. If X is not Q-factorial, then we consider a Q-factorialization h : Y ′ → Y (see [Ut, 6.11 .1]) and let f ′ : (Y ′ , S ′ ) → X be the composition map. The same arguments show that K S ′ +Diff S ′ (0) has a regular non-klt complement K S ′ + Diff S ′ (0) + (we have to remark that in this case −(K S ′ + Diff S ′ (0)) is nef and big because h is a small morphism). Finally, to conclude the proof we can push K S ′ +Diff S ′ (0) The following is a necessary condition for Problem 2.5 in the terminal case. Proof. Consider f : (Y ⊃ S) → (X ∋ P ) as a morphism of analytic spaces. By [R, 6.4 .B] the general element D ∈ | − K X | has only a Du Val singularity at P . Inversion of Adjunction gives us that (X, D) is plt, so to complete the proof we can apply the analytic analog of Proposition 3.1.
Note that 3.3 has no generalizations for canonical singularities (see [MP] , [MP1] and Example 4.17).
Using the same arguments as in the proof of Proposition 3.1 one can show the following Proposition 3.4. Let (X ∋ P ) be a three-dimensional klt singularity, let f : (Y, S) → X be a plt blow-up, and let K X +D be an n-complement near P . Then one of the following holds
(S, D) > −1 and then there exists a regular complement of K Y +
S which is not plt.
Corollary 3.5. Let (X ∋ P ) be a three-dimensional klt singularity, let f : (Y, S) → X be a plt blow-up. Assume that K X has a regular complement K X + D. Then K Y + S also has a regular complement
Example 3.6. Let (X ∋ P ) be the terminal cE 8 -singularity given by the equation x (15, 10, 6, 6 ). Then S is isomorphic to the cone over a rational normal curve of degree 5 and Diff S (0) = (1/2)H 1 + (2/3)H 2 , where H 1 , H 2 are hyperplane sections in a general position. Since (S, (1/2)H 1 + (2/3)H 2 ) is klt, f : (Y, S) → X is a plt blow-up. It is easy to check that −K S = (7/5)H. Since Diff S (0) + ≥ Diff S (0), K S + Diff S (0) is not 1 or 2-complementary. On the other hand there exists a 3-complement K S + (2/3)H 1 + (2/3)H 2 + 1/3L, where L is a line on S. Note however that this complement is klt. The only regular non-klt n-complement is K S +(1/2)H 1 +(2/3)H 2 +L 1 +(1/6)L 2 , where L 1 , L 2 are lines on S. Here n = 6.
Unfortunately the proof of [R, 6.4 .B] uses the classification of terminal singularities and has no generalizations in higher dimensions. To 8 avoid this difficulty one can apply the method proposed by Shokurov in [Sh1, 7.8] . This method uses the classification of surface complements and computations of discrepancies. Remark also that the necessary condition of 3.3 is not sufficient. Below we give another necessary condition for Problem 2.5. 
Note that −m(K S + Diff S (0)) · L can be computed on S, without using any information about whole Y .
Proof. We can write
Then along L divisors m(K Y + S) and mS are Cartier by the following lemma (cf. 1.3). 
Lemma 3.8 ([P2]). Let (Y, S) be a plt pair with a reduced boundary

Proof. Let ϕ : Y
′ → Y be a cyclic cover such that S ′ := ϕ −1 (S) is a Cartier divisor (see [R, 3.6] ). Then (Y ′ , S ′ ) is plt by [Sh, §2] , [Ut, 16.3] . Therefore the singularity Y ′ at Q ′ := ϕ −1 (Q) is terminal. Consider its canonical cyclic cover ψ : Y ′′ → Y ′ and let S ′′ := ψ −1 (S ′ ). The finite morphism of normal surfaces S ′′ → S isétale outside Supp(Sing(Y )) = Supp(Diff S (0)). Since the fundamental group π 1 (S \ Supp(Diff S (0)) is isomorphic to Z (because (S, Supp(Diff S (0))) ≃ (C 2 , C 1 )), we have that ψ : Y ′′ → Y ′ is a cyclic cover. Moreover, S ′′ → S has a smooth ramification divisor. Hence S ′′ is non-singular and so is Y ′′ . The rest is obvious.
Thus we have
where −m(K S +Diff S (0))·L = −m(K Y +S)·L and −mS ·L are positive integers. Since (X ∋ P ) is terminal of index r, we have a ≥ 1/r. This gives us the desied inequality (1).
More delicate method was proposed by Shokurov in [Sh1, 7.8] . It uses computations of all discrepancies of (X ∋ P ).
Example 3.9. Assume that S is non-singular and Diff S (0) = ∅ (so S is a usual Del Pezzo surface). Then any curve on S satisfies conditions of 3.7. By (1) −K S · L > 1, so we have only two cases: S = P 2 or S = P 1 ×P 1 . Note that in these cases Y is non-singular and Y → X is Mori's extremal contraction. Similar, but more complicated, description can be done in the case when S has only Du Val singularities. In particular, then we have K 2 S = 1 and 7. Corollary 3.3 and Proposition 3.7 show that log Del Pezzo surfaces which are exceptional divisors of plt blow-ups of a terminal singularities form a very restricted class. Regular complements of surfaces were classified in [Sh1, §6] . They are divided into types A 
On uniqueness of plt blow-ups
In this section we discuss the uniqueness property of plt blow-ups.
Definition 4.1. Let (X ∋ P ) be a klt singularity. It said to be weekly exceptional if there exists only one plt blow-up (up to birational equivalence). A lc pair (X, D) is said to be exceptional if there exists at most one divisor E over X with discrepancy a(E, D) = −1. A normal klt singularity (X ∋ P ) is said to be exceptional if (X, D) is exceptional for any boundary D whenever K X + D is log canonical (see [Sh1, 1.5 
]).
Proposition 4.2 ([MP1]
). Let (X ∋ P ) be an exceptional Q-factorial singularity. Then the divisor S from Definition 4.1 with discrepancy a(S, D) = −1 is birationally unique. Therefore if a singularity is exceptional, then it is also weakly exceptional.
Below we give criterions for a klt singularity to be (weakly) exceptional in terms of plt blow-ups. Theorem 4.3. Let (X ∋ P ) be a Q-factorial klt singularity of dimension ≤ 3 and let f : (Y, S) → X be a plt blow-up of P . Then the following are equivalent (i) (X ∋ P ) is not weakly exceptional;
is ample and (S, Θ) is not lc;
is ample and (S, Θ) is not klt 1 .
Proof. Note that ρ(Y /X) = 1 and Y is Q-factorial (because so is X). First we show the implication (i) =⇒ (ii). Assume that (X ∋ P ) is not weakly exceptional. By Proposition 2.10 there exists a boundary D such that (X, D) is lc and a(S, D) > −1, a(E, D) = −1 for some E = S. Let us write
, where D Y is the proper transform of D and α < 1. This divisor is lc but is not plt.
The implication (ii) =⇒ (iii) is clear. To show (iii) =⇒ (ii) we replace Θ on Q-Cartier divisor Θ + ǫ(Θ − Diff S (0)) for some small ǫ ≥ 1.
Finally, we prove (ii) =⇒ (i). By 2.13 we may assume that f (S) is a point. For sufficiently large and divisible n the integer Cartier divisor −n(K S + Θ) is a very ample. Take H ∈ | − n(K S + Θ)| and denote Ξ := Θ + 1 n H. Then K S + Ξ is numerically trivial and is not lc. Moreover, we may assume that n(K S + Ξ) ∼ 0. From the exact sequence
is surjective. Thus there exists an integer effective divisor [Ut, 17.7 
′ is lc but is not plt. It is easy to see that
is f -ample. Further, we take a minimal log terminal blow-up (see 1.1)
, where S W and B ′ W are proper transforms of S and B ′ , respectively, and E = ∅ is the reduced exceptional divisor. One can see by (2)
Apply the Log Minimal Model Program to (W,
Let V → X be the last step (i. e. V → X contracts an irreducible exceptional divisor, say R). By construction K V + R + B ′ V is plt. Since X is Q-factorial, ρ(V /X) = 1 and (V, R) → X is a plt blow-up. It is sufficient to show that R is the proper transform of some of components of E (otherwise (X ∋ P ) is not weakly exceptional). Indeed, in the opposite case (V, R) → X is birationally equivalent to (Y, S) → X. Hence they are isomorphic because ρ(Y /X) = ρ(V /X) = 1. But then
′ is plt. This contradiction concludes the proof. 
Proof. Apply Proposition 1.8 or 1.9. Example 4.7. Let (X ∋ P ) be a two-dimensional Du Val singularity. By 4.6 and by [K, §9] it is not weakly exceptional only if it is of type A n . On the other hand singularities of type A n are not weakly exceptional (cf. 2.6). In cases D n , E 6 , E 7 and E 8 the unique plt blow-up is the blow-up of the "central" vertex of the dual graph.
Similar to Proposition3.1 one can prove Corollary 4.8. Let (X ∋ P ) be a three-dimensional terminal singularity. Then it is not weakly exceptional.
Now we prove a criterion of the exceptionality. In contrast to Theorem 4.3 it does not depend on the Minimal Model Program.
Theorem 4.9. Let (X ∋ P ) be a klt singularity and let f : (Y, S) → X be a plt blow-up of P . Then the following are equivalent
is nef (in particular Q-Cartier) and (S, Ξ) is not klt; (iv) (in dimension 3 only) there is a regular (i. e. 1, 2, 3, 4 or 6) complement of K S + Diff S (0) which is not klt; (v) (in dimension 3 only) there is a regular complement K X + D of K X which is not exceptional and such that a(S, D) = −1 (and then the set of divisors with discrepancy −1 must be infinite).
Proof. Note that S and K Y are Q-Cartier, because (X ∋ P ) is klt. First we prove (ii) ⇒ (i). Assume that (X ∋ P ) is exceptional. Let Θ be a boundary such as in (ii). Then Θ ≥ Diff S (0) and K S + Θ ≡ 0. Take . Thus we have either K X + D is lc (and then there is an exceptional divisor E = S over X with a(E, D) = a(S, D) = −1) or K X + αD is lc but is not klt for some α < 1. Since a(S, D) = −1, there is an exceptional divisor E = S over X with a(E, αD) = −1. Both cases gives us a contradiction.
The implications (ii) ⇒ (iii) and (iv) ⇒ (ii) are obvious. As for (iii) ⇒ (ii) we can take Θ = Ξ + (1/n)F , where F ∈ | − n(K S + Ξ)|, the linear system | − n(K S + Ξ)| is not empty for n ≫ 0 by Base Point Free Theorem [KMM, . Let us show (i) ⇒ (ii). By the assumption (X ∋ P ) is not exceptional. Therefore there exists a boundary D such that (X, D) is lc and a(E, D) = −1 for some E = S. Let us write K Y +αS+B = f * (K X +D), where α ≤ 1. Then −(K Y + S + B) is nef over X and (Y, S + B) is not plt. Take Θ = Diff S (B).
To see (v) ⇒ (iv) we can take the regular complement f * (K X + D)| S on K S + Diff S (0) which is not klt by Inversion of Adjunction 1.4. The converse implication follows from Propositions 1.7 and 1.6 (i).
